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ORIENTABILITY OF THE MODULI SPACE OF Spin(7)-INSTANTONS
VICENTE MUÑOZ AND C. S. SHAHBAZI
Abstract. Let (M,Ω) be a closed 8-dimensional manifold equipped with a generically non-
integrable Spin(7)-structure Ω. We prove that if Hom(H3(M,Z),Z2) = 0 then the moduli space
of irreducible Spin(7)-instantons on (M,Ω) with gauge group SU(r), r ≥ 2, is orientable.
In commemoration of the 60th birthday of Prof. Simon Donaldson, with our utmost gratitude for all
we have learnt from him.
1. Introduction
Higher-dimensional gauge theory is a proposal appearing in the influential work of Donaldson and
Thomas [14] which suggests studying a natural higher-dimensional version of the four-dimensional
instanton equations that turned out to be so fundamental in the understanding of four-manifold
topology. These higher dimensional instanton-like equations exist in the presence of appropriate
geometric structures. The long term hope is that the study of their moduli space of solutions
will shade light into the classification problem of the underlying manifold equipped with the corre-
sponding geometric structure. It should be noted that the instanton equations proposed in [14] had
previously appeared in the physics literature, see for example [9, 25], and therefore they are also
well motivated from a physical point of view.
In [20], the authors initiated the construction of the moduli space of Spin(7)-instantons on a
closed 8-manifold M equipped with a possibly non-integrable Spin(7)-structure, proving transver-
sality properties of the moduli space under suitable perturbations of the equations and the Spin(7)-
structure.
To be more precise, let M be a closed 8-dimensional manifold. A Spin(7)-structure is a 4-form
Ω ∈ Ω4(M) which at every point p ∈M , it can be written as
Ωp = dx1234 − dx1278 − dx1638 − dx1674 + dx1526 + dx1537 + dx1548
+ dx5678 − dx5634 − dx5274 − dx5238 + dx3748 + dx2648 + dx2637 ,
for suitable coordinates (x1, . . . , x8), where dxabcd, a, b, c, d = 1, . . . , 8, stands for dxa∧dxb∧dxc∧dxd.
The stabilizer of Ωp is a subgroup of GL(8,R) isomorphic to Spin(7), which is the double cover
of SO(7). There is a natural inclusion Spin(7) < SO(8), which gives M an orientation and a
Riemannian metric g. Let ∇ be the Levi-Civita connection of g. Then the holonomy of g is
contained in Spin(7) < SO(8) when ∇Ω = 0, which is equivalent to dΩ = 0 by [15]. In this
case the Spin(7)-structure is called integrable. If dΩ 6= 0 then we say that Ω is a non-integrable
Spin(7)-structure.
If M is an 8-manifold with a Spin(7)-structure, then the inclusion Spin(7) < Spin(8) says that
M is a spin manifold, that is, it admits a Spin(8)-structure (the frame bundle FrSO(8)(TM) admits
a lifting under the double cover Spin(8)→ SO(8)). Associated to Spin(8), there are two irreducible
spinor representations S±, which are of dimension 8. Therefore M has two spinor vector bundles
S± →M of rank 8. The group Spin(7) can also be defined as the stabilizer of a unit-norm element
η in S+, so a Spin(7)-structure is equivalent to the choice of such η ∈ Γ(S+).
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Let G be a compact Lie group and let P → M be a principal G-bundle. In terms of Ω, the
Spin(7)-instanton equation for a connection A on P is given by
(1) ∗ FA = −FA ∧ Ω ,
where FA is the curvature associated to A. We will refer to solutions of this equation as Spin(7)-
instantons. We are interested in studying the moduli space of Spin(7)-instantons, that is, solutions
of the Spin(7)-instanton equation modulo gauge transformations (automorphisms of the bundle
P ). The Spin(7)-instanton equation modulo gauge transformations is elliptic regardless of the
integrability of the underlying Spin(7)-structure [21]. This makes the study of moduli spaces of
Spin(7)-instantons very similar to the moduli spaces of anti-self-dual instantons for Riemmanian
4-dimensional manifolds, which is the central object of low-dimensional gauge theory [13].
In the work [20], the authors studied various ways to perturb the Spin(7)-instanton equations as
to get smooth moduli spaces of the expected dimension, on the locus of irreducible connections. Let
A be the space of G-connections on P , and let A∗ be the subspace of irreducible connections. We
denote by G the gauge group, that is, the group of automorphisms of P . Then the space B∗ = A∗/G
is the configuration space, the space of irreducible connections modulo isomorphism. The moduli
space of irreducible Spin(7)-instantons M∗ sits naturally as a subspace M∗ ⊂ B∗. For a suitable
type of perturbation ̟ ∈ Π of the equation (1), where Π is some space of parameters as the ones
defined in [20], we have a perturbed moduli space M∗̟ ⊂ B
∗. The main object of the present paper
is to study the orientability of M∗̟, for the previous classes of perturbations such that the moduli
space is regular. We do not need to enter into the nature of these perturbations (for which we refer
to [20]), since it is not necessary to deal explicitly with them. In this work we prove the following
result.
Theorem 1.1. Consider any gauge group G = SU(r), r ≥ 2. Let ̟ ∈ Π be a suitable perturbation
so that the perturbed moduli space of Spin(7)-instantons M∗̟ is regular. If Hom(H
3(M,Z),Z2) = 0
then M∗̟ is orientable.
Note that the condition Hom(H3(M,Z),Z2) = 0 of Theorem 1.1 is equivalent to the cardinality
|H3(M,Z)| being finite and odd.
To prove Theorem 1.1, we start by describing the orientation line bundle of the moduli spaceM∗̟
as the restriction toM∗̟ ⊂ B
∗ of the so-called orientation bundle o over the configuration space B∗.
The orientation bundle is the determinant line bundle associated to the Dirac operator, that is, for
A ∈ B∗, we have oA = Det(DA), where DA is the Dirac operator coupled with the connection A.
Therefore the orientation is controlled by the orientation class W = w1(Det(D)) : π1(B
∗)→ Z2.
To determine π1(B
∗), we consider as gauge group the exceptional Lie group G = E8. We use
the group E8 as a tool to study the orientability of the moduli spaces of instantons for the groups
G = SU(r). This may seem a strange choice at first sight, but it is a very convenient group due
to its homotopical properties. Also it fits well with the long tradition of looking at instantons
with arbitrary structure Lie groups [3], and in particular, including exceptional Lie groups as very
relevant cases. In addition, the group E8 plays a fundamental role in the formulation of one of the
two types of Heterotic string theories, whose gauge sector indeed contains instantons with gauge
group E8 (see [4]).
For the gauge group G = E8, the configuration space has fundamental group π1(B
∗) ∼= H3(M,Z)
(see Proposition 5.1). Therefore, the orientation class W vanishes when Hom(H3(M,Z),Z2) = 0.
Our last step is to move from E8 to the gauge groups G = SU(r). We first use the natural inclusion
SU(9)/Z3 < E8, to deduce the orientability for the moduli spaces of Spin(7)-instantons with gauge
group SU(9)/Z3 (see Propostion 6.1). This readily implies the same result for the gauge group
SU(9). From here we deduce the result for all other gauge groups SU(r), 2 ≤ r ≤ 8, by an easy
downward induction. The result for the gauge group SU(r), r ≥ 10, follows from the fact that the
inclusion SU(9) < SU(r) is a homotopy equalence up to degree 18. This completes the proof of
Theorem 1.1.
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We remark that the results of Cao and Leung (Theorem 2.1 in [8]) can easily be shown to imply
that the moduli space of Spin(7)-instantons on a closed 8-manifold manifold M is orientable when
Hom(Hodd(M,Z),Z2) = 0, and the gauge group is G = SU(r), r ≥ 2. Therefore, Theorem 1.1
generalizes the results of [8] by dropping any assumption on the cohomology groups H1(M,Z) and
H7(M,Z) of M . In particular, we do not require any condition on the fundamental group of the
underlying Spin(7)-manifold M .
Finally, note that there are manifolds where Theorem 1.1 can be applied, see Remark 6.3.
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2. The configuration space
Let (M,Ω) be an 8-dimensional manifold equipped with an Spin(7)-structure Ω and let P be a
principal G-bundle over M , where G is a compact semi-simple Lie group with Lie algebra g. We
denote by BG the classifying space of G. Associated to P we consider a complex vector bundle
E = P ×ρC
r of rank r, where ρ : G→ GL(r,C) is an r-dimensional faithful complex representation
of G. We denote by gE ⊂ End(E) the endomorphism bundle of E associated to the adjoint bundle
of algebras ad(P ) = P ×Ad g of P through ρ.
Remark 2.1. We will be mainly interested in the cases G = SU(r) and G = E8, where E8 denotes
the unique connected, simply-connected, compact simple Lie group associated to the exceptional
Dynkin diagram e8. The properties of the group E8 relevant for us appear in Section 3.
We will denote by A the space of G-compatible connections on E. For a connection A ∈ A, we
denote by FA ∈ Ω
2(gE) its curvature.
The group of gauge transformations G is defined as the group of all smooth automorphisms of
E or, equivalently, as the space C∞(AdP ) of all smooth sections of the bundle AdP = P ×Ad G,
where G acts on itself by conjugation. An equivalent description is given by G = MapG(P,G), i.e.,
smooth maps from P to G which are G-equivariant with respect to the adjoint action of G on itself.
We equip G with the subspace topology induced by the compact-open topology of Map(E,E), the
space of all smooth maps of E to itself. Equipped with this topology and with the product given
by composition, G becomes a topological group.
The center Z(G) of G is given by Z(G) = Map(M,Z(G)). We need to introduce two spaces
closely related to the gauge group G. We define the reduced gauge group as G¯ = G/Z(G), where
Z(G) denotes the center of G.
Remark 2.2. We have Z(SU(r)) = Zr and Z(E8) = Id. Hence, for G = E8 we obtain G = G¯.
Let p0 ∈M be a fixed base point. We define the framed gauge group as
G0 = {u ∈ G | up0 = Id ∈ End(Ep0)} .
We have a fibration
(2) G0 → G
δ
→ G,
where δ(u) = up0 .
We define the spaces of equivalence classes of connections and of framed connections as
(3) B = A/G¯ , B0 = A/G0 ,
which are also called the configuration spaces.
We say that a connection A ∈ A is irreducible if its holonomy group Hol(A) = G, and we denote
by A∗ ⊂ A the space of irreducible connection. We also denote the spaces of equivalence classes of
irreducible connections by B∗ = A∗/G¯ ⊂ B, and B∗0 = A
∗/G0 ⊂ B0.
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The reduced gauge group G¯ and the framed gauge group G0 act freely on A
∗ and A, respectively.
The space A is an affine space, hence contractible. The subspace A∗ ⊂ A is the complement of
the space of reducible connections which is an infinite-codimensional subspace. Hence A∗ is also
contractible. It follows that we have homotopy equivalences
(4) B∗ ≃ BG¯, B0 ≃ BG0
where BG¯ and BG0 denote the classifying spaces of G¯ and G0, respectively.
Lemma 2.3. If G is a simply-connected compact Lie group and Z(G) = Id, then π1(B0) ∼= π1(B
∗).
Proof. The fibration (2) gives a fibration BG0 → BG → BG. If G is simply-connected then
π1(BG) = π2(BG) = 1. Therefore
(5) π1(BG0) ∼= π1(BG).
If Z(G) = Id then Z(G) = Id and hence G¯ = G. The result follows from (4). 
Let us denote by MapP (M,BG) the path-connected component of Map(M,BG) containing P .
Likewise let MapP∗ (M,BG) denote the path-connected component of Map∗(M,BG) containing P ,
where Map∗(M,BG) denotes the set of point-based maps from M to BG.
Proposition 2.4 ([2, Proposition 2.4]). The following weak homotopy equivalences hold
BG ≃ MapP (M,BG) , BG0 ≃ Map
P
∗ (M,BG).
Proof. The universal fibration G→ EG→ BG gives a fibration
G = MapG(P,G)→ MapG(P,EG)→ Map
P (M,BG).
The space MapG(P,EG) is contractible, hence Map
P (M,BG) ≃ BG. The second statement is
analogous. 
We will need the following result.
Proposition 2.5 ([6, Theorem 6.1]). Suppose that the path-components of Map∗(M,BG) all have
the same homotopy type. Then the following homotopy equivalence holds:
G0 ≃Map∗(M,G) .
Furthermore, the homotopy equivalence preserves the multiplicative structures.
Remark 2.6. A sufficient condition for the path connected components of Map∗(M,BG) to have
the same homotopy type is for M to be an associative CoH-space, see [22, Section 9] for a detailed
exposition of CoH-spaces. This happens for example if M is a suspension.
3. The group E8
Here we recollect some facts on the exceptional group E8 and principal bundles with gauge group
E8. By E8 we denote the unique simple and simply connected, compact, real Lie group whose Lie
algebra e8 is a real form of the simple complex exceptional Lie algebra e
C
8 appearing in the Cartan-
Killing classification of complex simple Lie algebras. We refer to [1, 26] for more details. The group
E8 has real dimension 248 and embeds as a closed Lie subgroup of the unitary group U(248). There
are two key points that make E8 relevant for the goal of this paper. The first one is that the center
Z(E8) = Id
is trivial. The second one is the content of the following classical theorem, proved by Bott and
Samelson, on the homotopy of E8.
Theorem 3.1 ([5, Theorem V]). The real exceptional Lie group E8 is connected, simply-connected
and its low homotopy groups are
π2(E8) = 0, π3(E8) = Z , πi(E8) = 0 , 4 ≤ i ≤ 14 , π15(E8) = Z .
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We will only need that for i ≤ 8 the only non-zero homotopy group is π3, which in fact is forced
to be isomorphic to Z for any compact simple Lie group. The group E8 contains various important
subgroups, of which we will be concerned with SU(9)/Z3 ⊂ E8. We denote by e8 the Lie algebra
of E8 and by e
C
8 its complexification, which is a 248-dimensional simple complex Lie algebra. From
the existence of the embedding SU(9)/Z3 in E8 we get that
(su(9))C ∼= sl(9,C) ⊂ eC8 ,
and hence we conclude that sl(9,C) is a subalgebra of eC8 . Using this subalgebra we can obtain an
explicit model for the Lie algebra eC8 . In order to do this we consider the space of k-forms Λ
k(C9)
on C9, where we equip C9 with its canonical inner product (·, ·). We extend the standard inner
product to Λk(C9). The group SL(9,C) acts on Λk(C9) in the standard way
A · (x1 ∧ . . . ∧ xk) = (Ax1 ∧ . . . ∧ Axk) .
Note that A · 1 = 1 and A · (x1 ∧ · · · ∧ x9) = x1 ∧ · · · ∧ x9. The previous action induces an action
of the Lie algebra sl(9,C) of SL(9,C) on Λk(C9), which reads as follows
R · (x1 ∧ · · · ∧ xk) =
k∑
j=1
x1 ∧ · · · ∧Rxj ∧ · · · ∧ xk .
Note that R · 1 = 0. The following theorem gives an explicit model of the complexification eC8 of the
real Lie algebra e8 in terms of sl(9,C), Λ
3(C9) and the action introduced above.
Theorem 3.2 ([26, Theorem 5.11.3]). Let us consider the following 248-dimensional vector space
(6) eC8 := sl(9,C)⊕ Λ
3(C9)⊕ Λ3(C9) ,
equipped with the Lie bracket [R1 ⊕ x1 ⊕ y1, R2 ⊕ x2 ⊕ y2] = R ⊕ x⊕ y, where
R := [R1, R2] + x1 × y2 − x2 × y1 ,
x := R1 · x2 −R2 · x1 + ∗(y1 ∧ y2) ,
y := −Rt1 · y2 +R
t
2 · y1 − ∗(x1 ∧ x2) .
Then (eC8 , [·, ·]) is a complex simple Lie algebra of type E8.
Given x, y ∈ Λ3(C9), the operation x× y ∈ sl(9,C) is defined as
(x× y)(u) = ∗(y ∧ ∗(x ∧ u)) +
2
3
(x, y)u , ∀u ∈ C9 .
It can be checked that Tr(x × y) = 0 for all x, y ∈ Λ3(C9), whence x × y ∈ sl(9,C). The Killing
form of eC8 in the decomposition of e
C
8 introduced above is explicitly given by
κ(R1 ⊕ x1 ⊕ y1, R2 ⊕ x2 ⊕ y2) = 60 (tr(R1R2) + (x1, y2) + (x2, y1)) .
We denote by τ the complex conjugation in eC8 and define the following complex-conjugate linear
transformation of eC8
τˆ (R⊕ x⊕ y) = −τ tR⊕−τx ⊕−τy ,
for all R⊕ x⊕ y ∈ eC8 .
Definition 3.3. The group EC8 is defined as the automorphism group of the Lie algebra e
C
8
EC8 :=
{
A ∈ GL(eC8 ,C) | [A(X1), A(X2)] = A([X1, X2]) , X1, X2 ∈ e
C
8
}
.
Using the previous definition, the real compact and simply-connected Lie group E8 can now be
neatly defined as
E8 :=
{
A ∈ EC8 | κ(A(X1), τˆA(X2)) = κ(X1, τˆX2) , X1, X2 ∈ e
C
8
}
.
The polar decomposition of EC8 is given in terms of E8 by
EC8
∼= E8 × R
248 ,
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and hence EC8 and E8 are homotopy equivalent, as expected. We define now the following C-linear
transformation w of eC8
w(R, x, y) = R⊕ ω x⊕ ω2 y ,
where ω = − 12 +
√
3
2 i, and R ⊕ x ⊕ y ∈ e
C
8 . It can be seen that w is in fact an element of E8 which
satisfies w3 = IdE8 . We consider the commutant of the image of w in E8
Ew8 := {A ∈ E8 | wA = Aw} .
Theorem 3.4 ([26, Theorem 5.11.7]). We have an isomorphism of Lie groups Ew8
∼= SU(9)/Z3,
where Z3 =
{
Id, ω Id, ω2 Id
}
.
Proof. The proof of this result relies on the existence of a map ϕ : SU(9) → Ew8 defined for every
A ∈ SU(9) as
(7) ϕ(A) ◦ (R⊕ x⊕ y) := ARA−1 ⊕A · x⊕ (A−1)t · y ,
where R⊕x⊕y ∈ e8 using the decomposition (6). It can be seen that ϕ is surjective and furthermore
ker(ϕ) ∼= Z3 =
{
Id, ω Id, ω2 Id
}
, from which the result follows. The map ϕ encodes the way the
complex adjoint representation of E8 acts on e
C
8 when restricted to im(ϕ) ⊂ E8. For every A ∈ SU(9)
we have
Adϕ(A)(R, x, y) = ϕ(A) ◦ (R, x, y) .

Since SU(9)/Z3 ⊂ E8, we can consider the restriction to SU(9)/Z3 of any given representation
of E8. The smallest irreducible complex representation of E8 is the adjoint, which is complex 248-
dimensional. The explicit decomposition of the complex adjoint of E8 in SU(9)/Z3 representations
corresponds to
eC8 = sl(9,C)⊕ Λ
3(C9)⊕ Λ3(C9)∗ ,
where Λ3(C9)∗ denotes the complex dual representation of Λ3(C9). The group SU(9)/Z3 acts, for
all A ∈ SU(9)/Z3, through ϕ as prescribed in (7).
Let us set ΛC := Λ
3(C9) ⊕ Λ3(C9)∗ and denote by ΛR := (Λ3(C9))R the realification of Λ3(C9),
which is a real vector space of real dimension dimR(ΛR) = 2 dimC Λ
3(C9). We have ΛC = ΛR ⊗R C
as a SU(9)/Z3-representation, which means that ΛC admits a SU(9)/Z3 equivariant real structure.
Hence, we conclude that the decomposition of eC8 given in (6) admits an equivariant real struc-
ture and thus induces a decomposition of the real adjoint representation of E8 in real SU(9)/Z3-
representations given by
(8) e8 = su(9)⊕ ΛR ,
where ΛR is the irreducible 168-dimensional real representation of SU(9)/Z3 described above. Note
that ΛR = (Λ
3(C9))R is a real representation of complex type, namely it admits an invariant complex
structure.
4. The orientation class
Let (M,Ω) be a closed 8-dimensional manifold endowed with a Spin(7)-structure Ω. On the
space of 2-forms, there is an orthogonal decomposition Λ2 = Λ27 ⊕ Λ
2
21 into irreducible Spin(7)-
representations, as explained in [17, 19]. The associated orthogonal projections will be denoted
π7 : Λ
2 → Λ27 and π21 : Λ
2 → Λ221.
Definition 4.1. A connection A ∈ A is a Spin(7)-instanton if π7(FA) = 0.
The instanton equation is elliptic modulo gauge transformations [14, 20, 21]. The moduli space
of Spin(7)-instantons is defined as
M := {A ∈ A | π7(FA) = 0} /G¯ ⊂ B ,
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and the moduli space of irreducible Spin(7)-instantons is
M∗ := {A ∈ A∗ | π7(FA) = 0} /G¯ ⊂ B∗ .
In [20] the authors initiated the study of M∗, proving that there exist suitable perturbations that
achieve regularity of the moduli space, so that it is smooth and of the expected dimension.
Let us describe the tangent space at a point A ∈ M∗ from [20]. Associated to the Spin(7)-
instanton A, there is a deformation complex
(9) 0→ Ω0(ad(P ))
dA−−→ Ω1(ad(P ))
π7◦dA−−−−→ Ω27(ad(P ))→ 0 ,
where the spaces of sections have been completed on suitable Sobolev norms, so that they be-
come Hilbert spaces. The complex (9) is elliptic, so its cohomology groups H0A,H
1
A,H
2
A are finite
dimensional.
The space H0A is the Lie algebra of the stabilizer ΓA of the connection A. If A is irreducible, then
ΓA = Z(G), the center of the Lie group, and H
0
A = Lie(Z(G)) = z, the center of the Lie algebra g.
Therefore
(10) Ω0(ad(P )) = z⊕ Ω0⊥(ad(P )),
where the space Ω0⊥(ad(P )) is defined as the orthogonal to z, and dA is injective on it. The center
Z(G) acts trivially on A, and we have a free action of G¯ = G/Z(G) on A∗. The Lie algebra of G
is Ω0(ad(P )), and the Lie algebra of G¯ is Ω0⊥(ad(P )). The tangent space to the orbit G¯ · A is the
image of dA. It is well-known (see for example [13, Prop. 4.2.9] or [20] for an explicit proof) that
the space B∗ is locally modelled on (im dA)⊥ = ker d∗A.
Fix A ∈ M∗. For a ∈ Ω1(ad(P )), we have FA+a = FA + dAa + a ∧ a. Therefore the equation
π7(FA+a) = 0 is equivalent to π7(dAa+ a∧ a) = 0. This means that the moduli space M
∗ is locally
modelled around A on the solutions to
(11) F(a) =
(
d∗Aa, π7(dAa+ a ∧ a)
)
= 0,
for a ∈ Ω1(ad(P )), ||a|| < ǫ, for some ǫ > 0. The linearization of (11) is the operator
QA : Ω
1(ad(P )) −→ Ω0⊥(ad(P ))⊕ Ω
2
7(ad(P )),
QA(a) = DAF(a) =
(
d∗Aa, π7(dAa)
)
The operator QA is the rolled-up operator of the complex (9). Therefore
kerQA = H
1
A, cokerQA = H
2
A.
We say that A is regular if H2A = 0, that is, if QA is surjective. In that case, 0 is a regular value
and the implicit function theorem says that F−1(0) is a smooth manifold locally diffeomorphic to
H1A. We say the the moduli space M
∗ is regular if all its points are regular. Suppose from now on
that this is the case. Then the tangent space is TAM
∗ ∼= H1A. The orientation line is then
(12) oA := det(TAM
∗) = det(H1A) .
This defines an orientation bundle o→M∗ whose fiber over A ∈M∗ is oA.
We remark that (12) coincides with the determinant line bundle, which is defined as
Det(QA) := (det kerQA)⊗ (det cokerQA)
∗ .
Let
(13) Q′A : Ω
1(ad(P )) −→ Ω0(ad(P ))⊕ Ω27(ad(P ))
be defined asQA, but taking values on the full space Ω
0(ad(P )). Under (10), we have det(cokerQA) =
det(cokerQ′A)⊗ (det z)
∗ ∼= det(cokerQ′A), since z is a constant vector space. This means that
oA = Det(Q
′
A).
We can extend the bundle o→M∗ to the whole of the configuration space B∗ as follows. There
is a description of the operator (13) in terms of an appropriate Dirac operator. Let (M,Ω) be a
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closed Spin(7) manifold. In particularM is spin, that is, it has a Spin(8)-structure, which is induced
under the inclusion Spin(7) < Spin(8). This can be rephrased as to saying that the frame bundle
FrSO(8)(TM) → M lifts under the double cover Spin(8) → SO(8), a condition that guarantees
the existence of a spinor bundle, namely a bundle of irreducible real Clifford modules S → M
over the bundle of Clifford algebras Cl (TM) → M of M . The spinor bundle S decomposes as
S = S+ ⊕ S−, where S+ and S− are the rank 8 bundles of positive and negative spinor bundles.
Clifford multiplication by vectors TM ⊂ Cl (TM) gives a map c : TM ⊗S± → S∓. The Levi-Civita
connection induces a connection on both S±. Together with a choice of connection A ∈ A on P ,
we get a connection ∇A on the vector bundle S
±⊗ ad(P ). Associated to this connection, we define
the Dirac operator
(14) DA : Γ(S
− ⊗ ad(P ))→ Γ(S+ ⊗ ad(P )),
via DA(s) = c(∇As), where ∇As ∈ Γ(T
∗M ⊗ S− ⊗ ad(P )).
The reduction of the Spin(8)-structure to the Spin(7)-structure is given by choosing a unit spinor
η ∈ Γ(S+). Therefore S+ = 〈η〉 ⊕H , where H = 〈η〉⊥ is a rank 7 bundle. Clifford multiplication
by η gives an isomorphism TM → S−. Therefore, we have an isomorphism
(15) S− ∼= Λ1.
Using Clifford multiplication by two vectors, we get also a map Λ2TM → S+, which induces an
isomorphism Λ27TM
∼= H . Hence
(16) S+ ∼= R⊕ Λ27.
Under the isomorphisms (15) and (16), the map (13) is rewritten as a map
(17) QˆA : Γ(S
− ⊗ ad(P ))→ Γ(S+ ⊗ ad(P )).
The symbols of the maps (14) and (17) coincide [20]. Therefore they are both Fredholm operators
of the same index, and their determinant line bundles are canonically isomorphic. This implies that
oA = Det(DA).
The determinant line bundle Det(D)→ A∗, whose fiber over A ∈ A∗ is Det(DA), is well-defined
over the whole of A∗. It descends to a well-defined line bundle Det(D) on B∗. It restricts to the
orientation bundle under the inclusion M∗ ⊂ B∗.
Remark 4.2. The determinant line bundle Det(D) is also well-defined over A, and descends to a
well defined line bundle Det(D) on B0, since the action of G0 on A is free.
Let π : B0 → B be the quotient map and consider a reducible connection [A] ∈ B such that its
stabilizer ΓA satisfies that ΓA/Z(G) is connected. Then this group acts trivially on the orientation
line oA, hence defining an orientation line o[A] over [A] ∈ B. Therefore the orientation bundle can
be extended to B∗′ ⊂ B, the locus of connections with ΓA/Z(G) connected.
Definition 4.3. The orientation class is the class W = w1(Det(D)) ∈ H
1(B∗,Z2), where w1
denotes the first Stiefel-Whitney class.
The orientation class W controls the orientation of M∗. The map
(18) π1(M
∗)→ π1(B∗)→ Z2
given by γ 7→ 〈W,γ〉 determines the orientation around the loop γ ∈ π1(M
∗).
Now we move to the more general case in which the moduli space M∗ is not regular. In [20]
we defined different sets of perturbations which satisfy some nice properties. The Spin(7)-instanton
equation is of the form E : A → Ω27(adP ), and it is G-invariant. We consider a Banach space
of perturbations Π such that: (1) every ̟ ∈ Π corresponds to an equation E̟ : A → Ω
2
7(adP ),
which is G-invariant, (2) the equation for some ̟0 is the original equation E = E̟0 , (3) the map
E : A×Π→ Ω27(adP ), E(A,̟) = E̟(A), is smooth, (4) for a small neighbourhood of ̟0 in Π, all
maps E̟ have elliptic linearizations (coupled with the action of the gauge group, as above).
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A perturbation ̟ ∈ Π gives rise to a moduli space M∗̟. If all solutions are regular, then the
moduli space M∗̟ is a smooth finite dimensional moduli space of the expected dimension. In this
case we say that the perturbed moduli space M∗̟ is regular. As in the previous situation, the
determinant line bundle Det(D) induces the orientation bundle on M∗̟ ⊂ B
∗.
Remark 4.4. We can also define the concept of orientability for non-regular moduli spaces M∗, that
is, when M∗ is non-smooth or when H2A 6= 0, for A ∈ M
∗. In this case we say that the orientation
bundle is the restriction of o→ B∗ to M∗ ⊂ B∗, and we say that M∗ is orientable if o|M∗ is a trivial
real line bundle. With this notion, the same results of this paper hold for non-regular moduli spaces
of Spin(7)-instantons.
5. The fundamental group of the configuration space for G = E8
In this section we shall compute the fundamental group π1(B
∗) for the case G = E8. Since
π3(E8) ∼= Z and πi(E8) = 0 for 0 ≤ i ≤ 14, i 6= 3, by Theorem 3.1, we have a homotopy equivalence
up to degree 14,
E8 ≃14 K(3,Z) ,
where X ≃k Y means that X,Y have homotopy equivalent k-skeleta, k ≥ 1. For the classifying
space, we have BE8 ≃15 BK(3,Z) = K(4,Z).
The isomorphism classes of smooth E8-bundles over M are in one to one correspondence with
homotopy classes of maps from M to BE8. These are classified by H
1(M,C∞(E8)) ∼= [M,BE8].
As M is an 8-dimensional CW-complex, we can substitute BE8 by K(4,Z), that is, [M,BE8] =
[M,K(4,Z)]. Finally, we have the well-known isomorphism
[M,K(4,Z)] ∼= H4(M,Z) .
Proposition 5.1. Let M be a closed oriented and spin 8-dimensional manifold, and let G = E8.
Then π1(B
∗) = H3(M,Z).
We will provide three independent proofs of Proposition 5.1. Our first proof follows the arguments
of [7, 8] for the case of 8-manifolds with SU(4)-structures.
Proof. Recall that by (4) and Propostion 2.4, we have that B∗ ≃ BG ≃MapP (M,BE8), using that
E8 is simply-connected and G = G¯. We apply the Federer spectral sequence to M and BE8. It has
second page given by
(19) Ep,q2 = H
p(M,πp+q(BE8)),
and abuts to πq(Map
P (M,BE8)). By Theorem 3.1, the only non-zero homotopy group for 1 ≤ l ≤ 14
is π4(BE8) = π3(E8) = Z. Therefore only the case p + q = 4 appears in (19). This implies that
there are no differentials on Ep,q2 , and hence we have an isomorphism
πq(Map
P (M,BE8)) ∼= H
4−q(M,Z),
since it must be p+ q = 4. Particularizing to q = 1, we have
π1(B
∗) ∼= π1(MapP (M,BE8)) ∼= H3(M,Z).

Corollary 5.2. For G = E8, and a regular moduli space M
∗, if Hom(H3(M,Z),Z2) = 0 then M∗
is orientable.
Proof. The orientability of M∗ is controlled by the homomorphism (18). This factors as π1(M∗)→
π1(B
∗) → Z2, so by a morphism π1(B∗) ∼= H3(M,Z) → Z2. Therefore if Hom(H3(M,Z),Z2) = 0,
then the homomorphism (18) is zero, and M∗ is orientable. 
We give now the second proof of Proposition 5.1, which does not rely on the Federer spectral
sequence.
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Proof. By (4) and (5), we have that π1(B
∗) ∼= π1(B0), since G = E8 is simply-connected. By
Proposition 2.4, we have that B0 ≃ BG0 ≃Map
P
∗ (M,BE8). So we have to compute
π1(B
∗) ∼= π1(B0) ∼= π1(MapP∗ (M,BE8)).
As M is an 8-dimensional CW-complex, we can substitute BE8 by K(4,Z). Hence
π1(B
∗) ∼= π1(MapP∗ (M,K(4,Z))).
Note that for any spaceX , the fibrationMap∗(X,K(4,Z))→ Map(X,K(4,Z))→ K(4,Z) implies
that Map∗(X,K(4,Z)) ≃3 Map(X,K(4,Z)), so
(20) πk(Map∗(X,K(4,Z))) = πk(Map(X,K(4,Z))), for k ≤ 2.
Therefore
π1(B
∗) ∼= π1(MapP (M,K(4,Z))) = π0(ΩMapP (M,K(4,Z))).
We have a fibration
ΩMap(M,K(4,Z))→ Map(M × S1,K(4,Z))→ Map(M,K(4,Z)).
If we restrict to the connected component that induces the bundle P , we have a fibration
ΩMapP (M,K(4,Z))→ MapP (M × S1,K(4,Z))→ MapP (M,K(4,Z))
The map π1(Map(M × S
1,K(4,Z))) → π1(Map(M,K(4,Z))) is surjective, since it admits an
splitting via π :M × S1 →M , f 7→ f ◦ π. Hence we have a short exact sequence
(21) π0(ΩMap
P (M,K(4,Z)))→ π0(Map
P (M × S1,K(4,Z)))→ π0(Map
P (M,K(4,Z))).
There are natural isomorphisms
π0(Map∗(M,K(4,Z))) = [M,K(4,Z)]∗ ∼= H
4(M,Z),
π0(Map∗(M × S
1,K(4,Z))) = [M × S1,K(4,Z)]∗ ∼= H4(M × S1,Z)
= H4(M,Z)⊕
(
H3(M,Z)⊗H1(S1,Z))
∼= H4(M,Z)⊕H3(M,Z).
By (20), we rewrite (21) as
π0(ΩMap
P (M,K(4,Z)))→ H4(M,Z)⊕H3(M,Z)→ H4(M,Z).
Therefore
π1(B0) ∼= π0(ΩMap
P (M,K(4,Z))) ∼= H3(M,Z),
as required. 
We will give a third proof of Proposition 5.1 inspired by an argument in [13, Section 5]. It is
based on considering a cellular decomposition of M .
Proof. By Morse theory, we have a self-index Morse function f :M → R such that a critical point x
of index k has f(x) = k. Then M ′k = f
−1((−∞, k + 12 ]) is a smooth manifold with boundary which
is homotopy equivalent to the k-skeleton Mk of M . Then we have cofibrations
(22) Mi−1 →֒Mi →
ni∨
1
Si ,
where ni is the number of i-cells of the cellular decomposition of M . We need the following.
Lemma 5.3. Let P → Sn be a G = E8 principal bundle over the n-sphere S
n. Then if n ≤ 8 and
n 6= 3 we have π1(B
∗) ∼= π1(B0) = 1, whereas if n = 3 then π1(B∗) ∼= π1(B0) ∼= Z.
Likewise, πk(B0) = Z for S
n with n = 4− k, and 0 otherwise.
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Proof. Since Sn is a suspension, by Remark 2.6, we have that Proposition 2.5 applies. Thus G0 ∼=
Map∗(S
n,G) ∼= ΩnG. Hence, using Lemma 2.3, we have
π1(B
∗) = π1(B0) = π1(BG0) = π0(G0) = π0(ΩnG) = πn(G),
and the result follows by using the homotopy groups of G = E8 given in Theorem 3.1.
The second statement is analogous. 
Now we apply now the exact contravariant functor Map∗(−, BG) to the cofibration (22). We
obtain the following fibration
ni∏
1
Map∗(S
i, BG)→ Map∗(Mi, BG)→ Map∗(Mi−1, BG) .
Note that π0(Map∗(Mi, BG)) = [Mi, BG] = H
4(Mi,Z) = 0 for i ≤ 3. Considering the connected
component corresponding to the map in Map∗(Mi, BG) defining the bundle P , we have a fibration
ni∏
1
Map
P |
Si∗ (Si, BG)→ Map
P |Mi∗ (Mi, BG)→ Map
P |Mi−1∗ (Mi−1, BG) ,
which, by means of Proposition 2.4, implies the following fibration
(23)
ni∏
1
B0(P |Si)→ B0(P |Mi)→ B0(P |Mi−1) ,
where B0(P |Si) denotes the space of connections modulo the framed gauge group on the bundle
induced by P on Si, and likewise for B0(P |Mi) and B0(P |Mi−1) on Mi and Mi−1, respectively.
From (23) and Lemma 5.3, we get inductively that
π1(B0(P |M2)) = 1.
Now we get an exact sequence
π2(B0(P |M2))→
n3∏
1
π1(B0(P |S3))→ π1(B0(P |M3))→ 1.
As π2(B0(P |M1)) = 1, we have a surjection
n2∏
1
π2(B0(P |S2))→ π2(B0(P |M2))→ 1,
and composing, we get an exact sequence
n2∏
1
π2(B0(P |S2))→
n3∏
1
π1(B0(P |S3))→ π1(B0(P |M3))→ 1.
There is a natural identification C2cel(M2) =
∏n2
1 Z =
∏n2
1 π2(B0(P |S2)), where C
k
cel(M) is the
chain complex of cellular chains. So this gives an exact sequence
C2cel(M)→ C
3
cel(M)→ π1(B0(P |M3))→ 1.
The first map is identified with the coboundary map ∂2cel. So π1(B0(P |M3)) = C
3
cel(M)/ im∂
2
cel
Now use again (23) to get an exact sequence
1→ π1(B0(P |M4))→ π1(B0(P |M3))→
n4∏
1
π0(B0(P |S4)),
which is rewritten as
1→ π1(B0(P |M4))→
C3cel(M)
im ∂2cel
→ C4cel(M).
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The last map is identified with ∂3cel. Hence
π1(B0(P |M4))
∼=
ker∂3cel
im ∂2cel
∼= H3(M,Z).
Finally, we inductively get that π1(B0(P |Mk)) = π1(B0(P |M4)), for k > 4, and hence we conclude.

6. Orientability of the moduli space for G = SU(r)
In the previous sections, we have discussed the orientability of the moduli space of Spin(7)-
instantons for a principal bundle P → X with gauge group G = E8. The choice of this group is due
to the fact that it has trivial center and all its homotopy groups but π3(E8) are trivial in the range
that we need. Now it is our task to translate the orientability property for the case of G = E8 to
principal bundles with the more usual Lie groups G = SU(r).
The first step is to move from E8 to SU(9)/Z3, using the inclusion SU(9)/Z3 ⊂ E8 described in
Section 3. We shall use Donaldson’s stabilization argument in [10, 12] but applied to E8 instead of
SU(n).
Proposition 6.1. Let M be a closed oriented and Spin(7)-manifold with Hom(H3(M,Z),Z2) = 0.
Then the moduli space M∗ ⊂ B∗ of Spin(7)-instantons for the gauge group G = SU(9)/Z3 is
orientable (assuming it is regular).
Proof. Consider a principal SU(9)/Z3-bundle Q. Associated to the embedding i : SU(9)/Z3 →֒ E8
through left-multiplication we construct a principal E8-bundle
P = Q×i E8 ,
to which we associate the following vector bundle
ad(P ) = P ×ad e8 .
where ad denotes the adjoint representation. Since P is associated to Q through the embedding
i : SU(9)/Z3 →֒ E8, we can write ad(P ) as
ad(P ) = Q ×ρ (su(9)⊕ ΛR) ,
where ρ denotes the decomposition of the real adjoint representation of E8 in SU(9)/Z3-representations
as prescribed by equation (8). Hence, we obtain
ad(P ) ∼= ad(Q)⊕ EΛR ,
where ad(Q) is the real adjoint bundle of Q and EΛR is a rank 168 real vector bundle admitting
complex multiplication and hence canonically orientable.
There is a natural map s : B∗(Q) → B(P ) from the space of irreducible connections on the
SU(9)/Z3-bundle Q modulo gauge transformations, to the space of connections on the E8-bundle
P modulo gauge transformations. Note that the image of this map sits in the locus of reducible
connections. However, Remark 4.2 applies and the orientation bundle can be extended over the
image of s.
Under the assumptions made in the statement, Proposition 5.1 implies now that the determinant
line bundle Det(D) is trivial when restricted to closed loops in B∗(P ), and hence also over the image
of s. The pull-back of the determinant line bundle Det(D) by s can be written as
s∗Det(D, ad(P )) = Det(D, ad(Q)⊕ EΛR) .
where the right hand side denotes the determinant line bundle of the Dirac operator over B∗(Q)
coupled to the adjoint bundle ad(P ) decomposed as an associated bundle of SU(3)/Z3 as described
in Section 3. Hence we obtain
s∗Det(D, ad(P )) = Det(D, ad(Q))⊗Det(D, EΛR) .
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As shown in Section 3, EΛR admits a canonical orientation induced by a complex structure, we
conclude that Det(D, EΛR) is canonically trivial. This proves that Det(D, ad(Q)) is trivial and hence
shows that the moduli space of irreducible SU(9)/Z3-connections is orientable. 
We are now ready to our last step.
Theorem 6.2. Let M be a closed oriented and Spin(7)-manifold with Hom(H3(M,Z),Z2) = 0.
Then the smooth moduli space M∗ ⊂ B∗ of Spin(7)-instantons for the gauge group G = SU(r),
r ≥ 2, is orientable (assuming it is regular).
Proof. We start by moving from the group SU(9)/Z3 to SU(9). Consider a principal SU(9)-bundle
PSU(9). We take the bundle PSU(9)/Z3 associated to PSU(9) through the projection p : SU(9) →
SU(9)/Z3. Certainly, there exists a Z3-covering map p¯ : PSU(9) → PSU(9)/Z3 , which in particular
implies PSU(9)/Z3
∼= PSU(9)/Z3, where the Z3-action is induced by the SU(9)-action on PSU(9) through
the inclusion Z3 →֒ SU(9).
From the inclusion Z3 ⊂ Z(SU(9)), it follows that Z3 acts trivially on the space of connections and
hence p¯ induces a surjective map q : B∗(PSU(9)) → B∗(PSU(9)/Z3) at the level of gauge equivalence
classes of connections. The preimage by q of any given point in B∗(PSU(9)/Z3) is a torsor over
Hom(π1(M),Z3) ∼= H
1(M,Z3). Therefore there is an injective map
q∗ : π1(B∗(PSU(9)))→ π1(B∗(PSU(9)/Z3)).
Under the assumptions made in the statement, Proposition 6.1 implies that the determinant
bundle of Det(D, ad(PSU(9)/Z3)) is trivial when restricted to closed loops in B
∗(PSU(9)/Z3). Now, the
adjoint bundles ad(PSU(9)/Z3)
∼= ad(PSU(9)) are isomorphic. Hence q∗(Det(D, ad(PSU(9)))) is also
trivial. Therefore the orientation class W (PSU(9)) = 0 vanishes.
The next step is to use Donaldson’s stabilization argument to move from SU(9) to SU(r), for
r ≤ 9. We do this step-wise. Let PSU(l) be a principal SU(l)-bundle, with l ≤ 8, and consider the
inclusion i : SU(l) →֒ SU(l + 1). There is an induced map
i∗ : B∗(PSU(l))→ B(PSU(l+1)),
which sends a connection A on an associated complex rank l bundle ESU(l) to the connection on
ESU(l+1) = ESU(l) ⊕ C which is A on the first summand and the trivial connection on the second
summand. Note that the image of i∗ lies in the locus of connections with connected stabilizer, so
Remark 4.2 can be applied.
By induction hypothesis, W = 0 on B∗(PSU(l+1)) and by Remark 4.2 the same holds on the
locus B∗′(PSU(l+1)). This implies that the determinant line bundle is trivial on loops in the image
i∗(B∗(PSU(l))). Finally, there is an isomorphism
ad(PSU(l+1)) ∼= ad(PSU(l))⊕ C
l+1 ,
where the second summand has a natural complex structure. Therefore the argument of Proposition
6.1 can be applied here to prove that W (B∗(PSU(l))) = 0, for l ≤ 8. This implies that the moduli
space is orientable for r ≤ 9.
To finish, we prove thatW (B∗(PSU(r))) = 0 also for r ≥ 10. Let us pick a loop [γ] ∈ π1(B∗(PSU(r))).
Using the bijection
π1(B
∗(PSU(r))) = π0(G¯(PSU(r))) ,
the homotopy class [γ] defines a unique element [φ¯] ∈ π0(G¯(PSU(r))). As the reduced gauge group
is G¯(PSU(r)) = G(PSU(r))/Zr, we can take an element φ ∈ G(PSU(r)) mapping to [φ¯] through the
obvious projection. There are r choices for the different preimages of [φ¯] in π0(G(PSU(r))).
We construct the principal bundle Pφ → M × S
1, by doing the mapping torus using the map φ
acting on the principal bundle PSU(r). The class [φ] ∈ π0(G(PSU(r))) defines the principal bundle
Pφ → M × S
1 uniquely up to isomorphism. This bundle is in turn uniquely determined by the
homotopy class [f ] ∈ [M×S1, B SU(r)] of the classifying map f :M×S1 → B SU(r). The restriction
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to M is Pφ|M = PSU(r), which corresponds to a fixed homotopy class [fPSU(r) ] ∈ [M,B SU(r)].
Therefore there is a natural bijection
π0(G(PSU(r))) ∼=
{
[f ] ∈ [M × S1, B SU(r)] | [f |M ] = [fPSU(r) ] ∈ [M,B SU(r)]
}
.
Now note that SU(r) ≃18 SU(9), that is, they are homotopy equivalent up to the 18-skeleton.
Therefore B SU(r) ≃19 B SU(9), whence we obtain the following isomorphisms
[M × S1, B SU(9)] ∼= [M × S1, B SU(r)] and [M,B SU(9)] ∼= [M,B SU(r)].
Thus there exist principal SU(9)-bundles P ′SU(9) →M and P
′
φ′ →M × S
1 such that
Pφ = P
′
φ′ ×SU(9) SU(r) and PSU(r) = P
′
SU(9) ×SU(9) SU(r).
This means that the fiber bundle PSU(r) admits a topological reduction to a principal SU(9)-bundle
P ′SU(9) over M , and analogously for Pφ and P
′
φ′ over M × S
1. Moreover, the restriction of P ′φ′ to
M is clearly isomorphic to P ′SU(9). The element φ
′ ∈ G(P ′SU(9)) defines a loop [γ
′] ∈ π1(B(P ′SU(9)))
that induces P ′φ′ in the same way as [γ] gives rise to Pφ. As PSU(r) reduces to P
′
SU(9), we have a
canonical inclusion
i : B∗(P ′SU(9))→ B
∗′(PSU(r)) ,
that we can use to push-forward [γ′] ∈ π1(B∗(P ′SU(9))) to i∗[γ
′] ∈ π1(B(PSU(r))). Clearly, [γ] = i∗[γ′].
By the first part of the proof, we know that the determinant line bundle is trivial over [γ′]. Here
we apply Remark 4.2; alternatively, we take the reducible connection on ad(P ′SU(9)) ⊕ ad(C
r−9) ⊂
ad(PSU(r)), determined by the loop γ
′ on the bundle P ′SU(9) and the trivial connection on the second
summand, and we perturb it to make it irreducible. Therefore the determinant line bundle is trivial
when restricted to i∗[γ′]. As [γ] = i∗[γ′], the determinant line bundle is also trivial over the initial
loop [γ] and we conclude. 
Remark 6.3. The quaternionic projective space HP2 is an example of an 8-dimensional Spin(7)-
manifold satisfying H3(M,Z) = 0 and in particular Hom(H3(M,Z),Z2) = 0. Another example of
manifold admitting a (generically non-integrable) Spin(7)-structure and satisfying H3(M,Z) = 0 is
given by the 8-dimensional complex Grassmanian Gr2(C
4), which is a particular case of Wolf space.
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